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FIGURE: World air traffic - source: www.flightradar24.com

m 20 000 airplanes — 80 000 flights per day,
m Should double until 2033,
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MOTIVATION

m Most polluting means of transportation,
m Responsible for 3% of CO, emissions,

m Fuel ~ 30% of an airline operational cost,
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MOTIVATION

How to tackle this problem ?
1 New hardware ?

2 Better use of existing fleet,
m Climb is the most consuming flight

phase...

m Mostly rectilinear trajectories at full
thrust,

m Thousands of variables recorded every
second,

OPTI CLIMB

More savings, less CO,

= Flight with OptiClimb Flight without OptiClimb
== Fuel flow with OptiClimb Fuel flow without OptiClimb

u]

Q
I
ul

it

= DA 5/49



OPrTICLIMB

Flight
Data

Time

Many days before flight...

v



OPrTICLIMB

Aircraft
model

Time

Many days before flight...

v



OPrTICLIMB

Aircraft
model

Flight and
) wheather info.
Time

v

Many days before flight... 20 minutes before flight...



OPrTICLIMB

Aircraft

Flight and
) wheather info.
Time

Many days before flight... 20 minutes before flight...

v



OPrTICLIMB

Aircraft

Data - Optimizer Instructions

Flight and
) wheather info.
Time

v

Many days before flight... 20 minutes before flight...



OPrTICLIMB

Aircraft

VR |

1
) ] Flight
Data Optimizer Instructions I Management
' System

1 1

1% 1

1= 1

I Flight and 1

) wheather info. I
Time 1 ~
1 T Vv

Many days before flight... 20 minutes before flight... In flight



OPrTICLIMB

Aircraft |
model
Flight 1 I Flight
Data Optimizer Instructions I Management
' System
1 1
1% 1
1= 1
I Flight and 1
) wheather info. I
Time 1 ~
1 T v

Many days before flight... 20 minutes before flight... In flight



OPrTICLIMB

Aircraft |
model
. ; ® !

—> — - ¥ —:»d
Flight 1 Flight
Data e Instructions | Management

System
1 1
Pz 1
1= 1
I Flight and I
) wheather info. I
Time 1 -
1 T Vv

Many days before flight... 20 minutes before flight... In flight



TRAJECTORY OPTIMIZATION

Dynamics:

e(?)

%(t) = g(u(6),x(1) +e(r) " a X J ()




TRAJECTORY OPTIMIZATION

Dynamics:

Optimization objective: fotf C(u(t),x(t))dt




TRAJECTORY OPTIMIZATION

Dynamics:




TRAJECTORY OPTIMIZATION

Dynamics:

e(?)

%(t) = g(u(6),x(1) +e(r) " a X J ()

Optimization objective: fotf C(u(t), x(t))dt <= [ 9)-).9 6




TRAJECTORY OPTIMIZATION

Dynamics:

Optimization objective: fotf C(u(t), x(t))dt <= [ 9)-).9 6

Flight constraints:

) € Xad, Flight domain

P(x(0), x(tr)) € Ko Initial and final conditions
x(t
c(u(t), x(t)) <0, Operational path constraints



TRAJECTORY OPTIMIZATION

OpPTIMAL CONTROL PROBLEM
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TRAJECTORY OPTIMIZATION

APPROXIMATE OPTIMAL CONTROL PROBLEM

min /O Clu(t), x(1))dt,

(x,u)eXxU
x(t) = g(u(t), x(t)), ae te (0t (A OCP)
st d(x(0), x(tf)) € Ko,
) u(t) € Uag,  x(t) € Xad, ae. te|0,t],
c(u(t), ( ) <0, a.e. t €0, t].

SYSTEM IDENTIFICATION
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1 Context - Chapter 1
2. System ldentification - Chapter 4
3 Trajectory Acceptability - Chapters 5 and 6
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T cosa — D — mgsin

Tsina+ L — mg cos
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FLIGHT DYNAMICS

States: x = (h, V,v, m)
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FLIGHT DYNAMICS

States: x = (h, V,v, m)
Controls: u = (a, Nq)
Unknown functions of x, u
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FLIGHT DYNAMICS

States: x = (h, V,v, m)
Controls: u = (a, Nq)
Unknown functions of x, u

h= Vsiny
V= T(u,x)cosa — D(u, x) — mgsiny
N m
. T(u,x)sina+ L(u, x) — mg cosy
= mV
-
T
Isp(u, x)
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N1, M, p) = ¢7(x, u)
q.M,a) = ¢p(x,u)

q.M &)= ¢@(x,u)
SAT, M, h) = @isp(x, u)
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PHYSICAL MODELS OF NESTED FUNCTIONS

u, ) =N xPr(p,M)
x,u, ) =qxPp(a,M)

u, ) =qgxP(a,M)

u, ) =SAT x P,(h M)



PHYSICAL MODELS OF NESTED FUNCTIONS

T(x,u,07) =Ny X Pr(p,M) =Xr-01
D(x,u,0p) = qx Pp(a, M) =Xp-0p
L(x,u,0,) =qxP(a, M) =X.-0,

lop (X, 11, 015) = SAT x Pioy(h, M) = Xig - 015,

Xt =M , Xisp = SAT
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STATE-OF-THE-ART - [JATEGAONKAR, 2006]

m Output-Error Method
m Filter-Error Method

Optimization

{uf}fer {is Yrer

NN, ...

g(u X 9)’ ‘Kalman,
J
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m Output-Error Method

_ Less scalable to many trajectories
m Filter-Error Method

8(u, x, 6) KNa'N”,‘??]——> {3 Yrer

{uf}fer {or }rer

] ’Equation—Error Method‘

mein i E()’(;, g(u;, x;, 9))
i=1




STATE-OF-THE-ART - [JATEGAONKAR, 2006]

m Output-Error Method

_ Less scalable to many trajectories
m Filter-Error Method
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m Output-Error Method

_ Less scalable to many trajectories
m Filter-Error Method

{urYrer {@f Yrer > g(u, x,0) Kﬁﬁ"a”]fﬁ {Xf}rer

] ’Equation—Error Method‘ Ex: (Nonlinear) Least-Squares
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LEVERAGING THE DYNAMICS STRUCTURE

mV + mgsiny = T(u,x,07)cosa — D(u, x,0p)

mVy+ mgcosy = T(u,x,07)sina+ L(u, x,0))

0= T(u x,07)+ mls,(u, x,0,)

m Nonlinear in states and controls

m Nonlinear in parameters



LEVERAGING THE DYNAMICS STRUCTURE

mV + mgsiny = (X7 -07)cosa — Xp - Op + €1

mV ¥+ mgcosy = (XT'0T> sinae + X -0 + ¢

0= XT . OT + m(XIsp : glsp) + €3

Y (u,x,x) G(u,x,x,0)
m Nonlinear in states and controls

m Neonlinearin—parameters — Linear in parameters
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LEVERAGING THE DYNAMICS STRUCTURE

= X710 —Xp-0p +¢e1

=X70-07+ X -0+ €2

= XT : OT + Xlspm : Olsp + €3
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Yi=Xr1-07—Xp-0p +e¢1

Yo=Xr2- 07+ X, -0, + &2

Y3 = X707 + Xispm - O1sp + €3

m Nonlinear in states and controls

m Neonlinearin—parameters — Linear in parameters

m Structured

m Coupling ~~ ‘ Multi-task Learning




MULTI-TASK REGRESSION

Aircraft: General:
Yi=Xe10c+ X101 +¢1
Yi=Xr1-0r—Xp-0p+e1 Yo=Xe2:0c+Xa-02+ ¢
Yo=Xm-07+ X -0, +¢>
Y3:XT'0T+X/SP,,,-9/SP+€3 Y = Xe k-0 + X - Ok +ex
Coupling parameters , Task specific parameters
Many other examples:
m Giant squid neurons [FitzZHugh, 1961, Nagumo et al., 1962],
m Susceptible-infectious-recovered models [Anderson and May, 1992],

m Mechanical systems,...
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Aircraft: General:
Y1 =Xe1:0c+ X101 +¢1

Yi=Xr1-0r—Xp-0p+e1 Yo=Xe2:0c+Xa-02+ ¢
Yo=Xm-07+ X -0, +¢> :

Y3:XT'0T+X/SP,,,-9/SP+€3 Y = Xe k-0 + X - Ok +ex
Coupling parameters , Task specific parameters

Multi-task Linear Least-Squares: Block-sparse Coupling Structure
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MULTI-TASK REGRESSION

Aircraft: General:
Y1 =Xe1:0c+ X101 +¢1
Yi=Xr1-0r —Xp-0p+e1 Yo=Xc2 0c+Xp-02+¢2

Yo=Xm-07+ X -0, +¢> :
Y3 = X707 + Xispm - O1sp + €3 Y = Xe k-0 + X - Ok +ex
Coupling parameters , Task specific parameters

Multi-task Linear Least-Squares:
N 2
min ) [1¥; — X613
i=1

with @ = (6,01,...,0k) €RP, p=dc + YK | dy,
Y; € RK and X; € RK*P.
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FEATURE SELECTION

Our (sparse) model:

T:N1(9T,1 +013M+ ‘|’0T,6M2+
+ 67110+
0T,12P3M )

Mattingly's model [Mattingly et al., 1992]:

T = Ni(07.10 + 07 20M3).
= High risk of overfitting




FEATURE SELECTION

Our (sparse) model:

T:N1(9T,1 +013M+ ‘|’0T,6M2+
+ 67110+
0T,12P3M )

Mattingly's model [Mattingly et al., 1992]:

T = Ni(0710+ 07 20M3).
Sparse models are:
m Less susceptible to overfitting,
m More compliant with physical models,
m More interpretable,
m Lighter/Faster.



BLOCK-SPARSE LASSO

Lasso [Tibshirani, 1994 {(X;, Y)) IV, c RI*HLii.d sample,

N
man(Y X;-0)2+ 7|01

FIGURE: 1Sparsity induced by L1 norm in Lasso.

Source : Wikipedia, Lasso(statistics)
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BLOCK-SPARSE LASSO

Block-sparse structure preserved ~~ Equivalent to Lasso problem

mén Z

k=11

K
(Yii — Xeki- 0c — Xei - 0x) 2+ Acl|0c]|1 + Y AkllOkllx
1 k=1

Mz



BLOCK-SPARSE LASSO

Block-sparse structure preserved ~~ Equivalent to Lasso problem

N
min 3 1¥; = BiBll3 + AcllBlla
i=1

with B = (6c, §161,...,350k) € RP, p = dc + L[, di,
Y; € RK and B; € RK*P.



BLOCK-SPARSE LASSO

Block-sparse structure preserved ~~ Equivalent to Lasso problem

N
min Y [|Y; — Xi6|[5 + Ac[|0]2
i=1
with 8 = (6., 64,..., 0x) ERP, p=d.+ YK | du,
Y; € RK and X; € RK*P,
In practice, we choose Ay = A, forall k=1,...,3 and
Xi=| X}, 0 X', 0 , Yi=| Ya,

X:rrvf 0 0 X/—ls—pm,i Y3,i
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BOOTSTRAP IMPLEMENTATION

High correlations between features...
= Inconsistent selections via the lasso !

Bolasso - Bach [2008]

training data 7 = {(X;, Y))}V, C RKX(K+1) » RK,
Require: number of bootstrap replicates b,
L' penalty parameter A,
1: for k=1 to b do
2 Generate bootstrap sample 7,
3 Compute Block sparse Lasso estimate 8% from Ty,
4:  Compute support Jx = {J, OAJ’-‘ # 0},
5. end for
6: Compute intersection J = (2_; Jx,
7. Compute 8 from selected features using Least-Squares.




BOOTSTRAP IMPLEMENTATION

High correlations between features...
= Inconsistent selections via the lasso !

Bolasso - Bach [2008]

training data 7 = {(X;, Y))}V, C RKX(K+1) » RK,
Require: number of bootstrap replicates b,
L' penalty parameter A,

: for k=1to bdo

Generate bootstrap sample 7,

Compute Block sparse Lasso estimate 8% from Ty,

Compute support Jx = {J, OAJ’-‘ # 0},
end for
. Compute intersection J = (2_; J,
. Compute @ from selected features using Least-Squares.

Nog r wn

m Consistency even under high correlations proved in Bach [2008],



BOOTSTRAP IMPLEMENTATION

High correlations between features...
= Inconsistent selections via the lasso !

Bolasso - Bach [2008]

training data 7 = {(X;, Y))}V, C RKX(K+1) » RK,
Require: number of bootstrap replicates b,
L' penalty parameter A,

: for k=1to bdo

Generate bootstrap sample 7,

Compute Block sparse Lasso estimate 8% from Ty,

Compute support Jx = {J, OAJ’-‘ # 0},
end for
. Compute intersection J = (2_; J,
. Compute @ from selected features using Least-Squares.

Nog r wn

m Consistency even under high correlations proved in Bach [2008],

m Efficient implementations exist: LARS [Efron et al., 2004].
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PROBLEM WITH INTRA-GROUP CORRELATIONS

N
min ) [|Y; - Xi0l3 +Ac)|0llL = 7 = O1 = 0!
i=1

Yi=Xr1:07r — Xp-0p +é&;
Yo=X12-0r+ X -0, +e
0 = XT : 0T + Xlspm : Hlsp +e3



PROBLEM WITH INTRA-GROUP CORRELATIONS

FIGURE: Features correlations
higher than 0.9 in absolute
value in white.



PROBLEM WITH INTRA-GROUP CORRELATIONS

Xn Xn Xr Xo X Xis

om
BT -
H
) ﬁﬁﬁﬂiﬁ
) QHEE
™

X, B E

immmﬂu
R
P LII:II'.']'-'-. L T~

FIGURE: Features correlations
higher than 0.9 in absolute
value in white.

= 6 = T Y — X6][3 not
injective...
lll-posed problem !
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Y1 = X101 — Xp-0p +e1
Yo = X001 + X -0p +He
0 = Xr-601 + XISpm . 9/5p +e3

N
min - |1V = Xi6|3 + Ac0]x
i=1

Prior model Isp from Roux [2005] ~> Isp; = Isp(uj, x;), i = 1,...,



PROBLEM WITH INTRA-GROUP CORRELATIONS

Y1 = X101 — Xp-0p +e1
Yo = X001 + X -0p +He
0 = Xr-601 + XISpm . 9/5,J +e3

min
0

1

N
(115 = X813 + Aell Tops — X, - 015p13) + Acll6]1
=1

Prior model Isp from Roux [2005] ~ Isp; = Isp(uj, x;), i =1,...,



PROBLEM WITH INTRA-GROUP CORRELATIONS

Yi. = Xr1:0r — Xp-0p —+&
Yo = X071 + X, -0, +eo
0 = X101 + X/spm . Hlsp +e3
\/)Ttisp = \/TtXISp ’ elsp tey4

min
0

1

N
(H Yi— X,-0||% + )‘tHISPJ - X/SPJ ’ OISPHg) + /\6”9”1
=1

Prior model Isp from Roux [2005] ~ Ispj = Isp(uj, x;), i =1,...,



PROBLEM WITH INTRA-GROUP CORRELATIONS

Yi. = Xr1:0r — Xp-0p —+&
Yo = X071 + X, -0, +eo
0 = X101 + X/spm . Hlsp +e3
Vdlsy = VA Xisp - O1sp +e4

N
min Y [|Vi = X813 + Ac[|6]lx
i=1

Y1, X71; —Xp,; O 0
o | Y o | Xt 0 X[ 0
a 0 S X 0 0 X |
Vil 0 0 0 VEXL,

Prior model Is, from Roux [2005] ~> Isp; = Isp(uj, x;), i =1,..., N.
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m 25 different B737-800,
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FEATURE SELECTION RESULTS

m 25 different B737-800,
m 10 471 flights = 8 261 619 observations,
m Block sparse Bolasso used for T, D, L and Isp,

m We expect similar model structures,
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m Last assessment criterion = static;

m Does not incorporate the fact that the observations are time
dependent;

m Does not take into account the goal of optimally controlling
the aircraft system.

Another possible dynamic criterion:

; tn 2 2
(mm)/t (lu(t) = weest (£) 1 + 1 (£) — xeest (t)[[5) dlt
x,u 0

st x(t) = g(x(t),u(t),0),
where || - [[4, || - ||x denote scaling norms.

For practical applications: t <+ h
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SYSTEM IDENTIFICATION CONCLUSION

1 Proposed Equation-Error Method approaches which extend to
the System Identification framework well-known supervised
learning techniques (Lasso, Ridge, bootstrap,...),

2 Applicable to large amounts of data,

3 Block-sparse estimators are proved to lead to consistent
structured feature selection,

4 Can be efficiently trained using LARS algorithm as they are
equivalent to successive Lasso problems,
5 Compared to regular Nonlinear Least-Squares:
m Similar performances in accuracy and training time,
m No initialization required,
m Light, interpretable and compact data-dependent models

(more than 50% compression),
m Faster convergence when applied to control problems.
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TRAJECTORY ACCEPTABILITY

min /Otf Clu(t), x(t))dt,

(x,u)eXxU

ot { x(t) = g(u(t),x(t)), ae tel0 tf],
" | Other constraints...

(AOCP)

= 2 = (X, 0) solution of (AOCP).

m Is Z inside the validity region of the dynamics model g 7
m Does it look like a real trajectory 7

Pilots acceptance  Air Traffic Control?
How can we quantify the closeness from the optimized
trajectory to the set of real flights?




OPTIMIZED TRAJECTORY LIKELIHOOD

Assumption: We suppose that the real flights are observations of
the same functional random variable Z = (Z;) valued in C(T, E),
with E compact subset of R? and T = [0, t¢].

How likely is it to draw the optimized trajectory from the law
of Z7?
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HOW TO APPLY THIS TO FUNCTIONAL DATA?

Problem: Computation of probability densities in infinite
dimensional space.

m Standard approach in Functional Data Analysis: use
Functional Principal Component Analysis to decompose the
data in a small number of coefficients

m Or: we can use the marginal densities

Real flights
—— Simulated trajectory
—— Marginal density

2000 3000 4000 5000 6000 7000 8000 9000 10000
ALTITUDE h (m)
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HOW DO WE AGGREGATE THE MARGINAL
LIKELIHOODS?

m f; marginal density of Z, i.e. probability density function of Z;,
B y new trajectory,

m f;(y(t)) marginal likelihood of y at t, i.e. likelihood of
observing Z; = y(t).

MEAN MARGINAL LIKELIHOOD

MML(Z,y) = o [ wlfy(0)at

where ¥ : L1(E,IRy) x R — [0; 1] is a continuous scaling map,

because marginal densities may have really different shapes.
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HOW DO WE AGGREGATE THE MARGINAL
LIKELIHOODS?

Possible scalings are the normalized density

Plfe, y(t)] == rm

z€E

or the confidence level

Plfe y(t)] =P (f(Z:) < fe(y(1))) -

zfl2)

Pt () : =P(f(Ze) = Fiy(D)

fiy(t)

G




HOw DO WE DEAL WITH SAMPLED CURVES?

In practice, the m trajectories are sampled at variable discrete
times:

TP = {(tf,2)}15jcn CTXE, 2 :=2(t]),
1<r<m

Y= {(E )} CTxE, v = y(5).



HOw DO WE DEAL WITH SAMPLED CURVES?

In practice, the m trajectories are sampled at variable discrete

times:
={(t.7 }f.gg[r;CTXE, z[ = 2'(t]),
Y :=A{(f.y)}j=1 C T xE, yi = y(§).

Hence, we approximate the MML using a Riemann sum which
aggregates consistent estimators f;” of the marginal densities f—fj
J

EMML,, (7P : —Z¢ ,,yjAtJ
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HOW CAN WE ESTIMATE MARGINAL DENSITIES?

m In practice, the altitude plays the role of time, so we can't
assume the same sampling for each trajectory;

m Assume sampling times {tj’ cj=1,..., nr=1,..., m} to be
i.i.d. observations of a r.v. T, indep. Z;

m Our problem can be seen as a conditional probability density
learning problem with (X, Y) = (T, Zt), where f; is the
density of Z; = (Z7|T =t) = (Y|X).

1 We can apply SOA conditional density estimation techniques,
such as LS-CDE [Sugiyama et al., 2010],

2 We can use a fine partitioning of the time domain.



PARTITION BASED MARGINAL DENSITY ESTIMATION
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Idea: to average in time the marginal densities over small bins by
applying classical multivariate density estimation techniques to
each subset.
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We denote by:
m O:S — [Y(E,R;) multivariate density estimation statistic,
mS={(zx), € EN: N € IN*} set of finite sequences,
m m the number of random curves;

m 7,7 subset of data points whose sampling times fall in the bin
containing t;

m £ := O[T,"] estimator trained using 7;™.
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ASSUMPTION 1 - POSITIVE TIME DENSITY
v € L®(E, R, ) density function of T, s.t.

vy = esssupv(t) < oo, v_ :=essinfv(t) > 0.
teT teT

ASSUMPTION 2 - LIPSCHITZ IN TIME
Function (t,z) € T X E — f;(z) is continuous and

fu(2) = fo(2)| < Lt =], L>0.

ASSUMPTION 3 - SHRINKING BINS
The homogeneous partition {Bé"};’zl of [0; t¢], with binsize by, is
s.t.

lim b, =0, lim mb,, = co.
m—»00 m—o0



CONSISTENCY

ASSUMPTION 4 - I.I.D. CONSISTENCY

m G arbitrary family of probability density functions on E, p € G,
| SAV i.i.d sample of size NV drawn from p valued in S.

The estimator obtained by applying © to SI;V, denoted by
oV :=0[s)] e ['(E.Ry),
is a (pointwise) consistent density estimator, uniformly in p:

For all z € E,e > 0,a; > 0, there is Ng,, > 0 such that, for any p € G,
N> Ny = P (‘p"’(z) —p(z)‘ <e)>1-m.
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CONSISTENCY

THEOREM 1
Under assumptions 1 to 4, forany z€ E and t € T, @'ﬂ(t)(z)

consistently approximates the marginal density f;(z) as the number
of curves m grows:

Ve>0, lim P (|f"(2) — fi(2)] < &) = 1.
Note that:
Bm—o0#N— oo,
m Number of samples = random,

m Training data not i.i.d.
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m Discrimination power comparison with (gmm-)FPCA and
(integrated) LS-CDE:
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HOwW GOOD IS IT COMPARED TO OTHER METHODS?

m Training set of m = 424 flights ~ 334 531 point observations,
m Test set of 150 flights

Optimized flights
Real Opt2
(50) (50)
with operational without operational
constraints constraints

m Discrimination power comparison with (gmm-)FPCA and
(integrated) LS-CDE:

VAR. ESTIMATED LIKELIHOODS Tr. TIME
REAL Ortl OprT2

MML 0.63 + 0.07 0.43 + 0.08 0.13 £+ 0.02 58

FPCA 0.16 & 0.12  6.4e-03 £ 3.86-03  3.6E-03 £ 5.4E-03 20s

LS-CDE  0.77 £ 0.05 0.68 = 0.04 0.49 + 0.06 140
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MML PENALTY

The MML can be used not only to assess the optimization
solutions, but also to penalize the optimization itself:

tr
i C(u(t),x(t))dt — AMML(Z, x),
Lmin 7 clu(e), x(1) (Z.%)

s.t. { x(t) = g(u(t),x(t)), ae tel0 tr],

Other constraints...

(MML-AOCP)

m A sets trade-off between a fuel minimization and a likelihood
maximization,
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TRAJECTORY ACCEPTABILITY CONCLUSION

1 General probabilistic criterion using marginal densities to
quantify the closeness between a curve and a set of random
trajectories,

2 Class of consistent plug-in estimators, based on “histogram”
of multivariate density estimators,

3 Applicable to the case of aircraft climb trajectories,

m Competitive with other well-established SOA approaches,

4 Particular Adaptive Kernel and Gaussian mixture
implementation,
m Showed that it can be used in optimal control problems to
obtain solutions close to optimal, and still realistic.



THANK YOU FOR YOUR ATTENTION
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ACCURACY OF DYNAMICS PREDICTIONS
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FIGURE: Leave-one-out off-sample errors distributions for nonlinear
least-squares NLLS and block-sparse bolasso BSBL. Median errors are
annotated and marked by dashed vertical lines.
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STRUCTURED FEATURE SELECTION

STATE-OF-THE-ART

Other methods

Difference with Block-sparse Lasso

Group Lasso
[Yuan and Lin, 2005]

Sparse Group Lasso
[Friedman et al., 2010]

Multi-task Lasso
[Obozinski et al., 2006]

Groups sparsity is fixed a priori,

Sparsity induced only within group,

Not same pattern for every task.




THEOREM (BOLASSO CONSISTENCY - BACH [2008])
For A = /\ON*% and Ag > 0, assume that
(H1) the cumulant generating functions E [exp(s||X||3)]
and E [exp(s||Y||3)] are finite for some s > 0.
(H2) the joint matrix of second order moments
Q=R [XXT] € RP*P s invertible.
(H3) E[Y|X] = X -0 and Var [Y|X] = 02 a.s. for some
0 € RP and o € R7,.
Then, for any b > 0, the probability that algorithm 1 does not
exactly select the correct model has the following upper bound:

log N log b
N1/2+A4 b

P [J # J*] < bAje "N + A3

where A1, Ay, Az, Ay > 0.



GENERALIZED TIKHONOV REGULARIZATION OF ISP

Equivalent to ||T(0 — 8)||3 with T; = (0, ..., 0, X,Ip) and

dr+dp+d;
0=,



MML CONSISTENCY FOR STANDARD KERNEL
ESTIMATOR

ASSUMPTION 5
The function (t,z) € T x E — f,(z) is C*(E) in z and C}(T) in ¢
; the Lipschitz constant of the function

o2,
t— p(z) = f(z)

is denoted by L” > 0: forany z € E and t1,t, € T,

i (z) = £ (2)] < "ty — to].



MML CONSISTENCY FOR STANDARD KERNEL
ESTIMATOR

ok, —/WZK dw = o /WZK(W)dW:(Tza,Z(,

(TK[; I/Wng w dWIO'/W2K(W)2dW:0'O'}2<2,

K,) = /Kg(w)zdw = %/K(W)zdw = %R(K).

THEOREM 2

Under assumptions 1, 3 and 5, if @’,;’(t) is a KDE where the kernel
K and the bandwidth o := ¢, are deterministic, such that

O < 00, 02 < 00, R(K) < co and if

lim 0, =0, lim mb,o, = +oo,
m—y00 m—o0

then
im E | (77, (2) ~ ()] = 0.

m—>00



THEOREM 1 PROOF SKETCH

lim |f:(2) — fin()(2)| = 0.

m—>00

lim ]P(Nrgm()gl)zl, r=1,..., m,

m—>o0

VM >0, fim P (N, > M) =

m—»00
Cu := {Nim(y) > M} m{Nrfm <1}
YM >0, lim P(Cy)=1

Ve > 0, |.m]1>(mm( — () <€) =1

m—»00



FLIGHT MECHANICS MODELS

P
P = R.SAT
SAT(h) = To+arh,  SAT(TAT, M) = 15
2
M = 1% — %

1
Vsound — (\R,SAT)2



CONSUMPTION X ACCEPTABILITY TRADE-OFF
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FIGURE: Average over 20 flights of the fuel consumption and MML score
(called acceptability here) of optimized trajectories with varying
MML-penalty weight A.



GAUSSIAN MIXTURE MODEL FOR MARGINAL
DENSITIES

8.018

K o
fe(z) = ) werd(z, fek Sek), 515231
k=1 oroor |
K
Z Wt k = 1, Wt k >0,
k=1
1 1 Ty-1
z, 'Z = —e_i(z_.”) % (Z_V)_
e ®) = ey

Assuming that the number of components is known, the weights
Wi k, means i, and covariance matrices X , need to be
estimated.



MAXIMUM LIKELIHOOD PARAMETERS ESTIMATION

For K = 1, maximum likelihood estimates have closed form:

ef%(zfm,l) r1( —Ht1)

N
L(pen, Zetlzt, ..., =]1 \/m
. t

N
0:= (ﬁt,ly Zt,l) = arg min) Z (Iog detZtvl + (Z,' — ]/lt,l) t, 11( — Ug, 1)
(,ut,lvz't,l i=1

1Y . . T
fe1 = N Zzi: L1 = N Z(Zi —flea)(zi — flen)



EM ALGORITHM

m Hidden random variable J valued on {1,..., K},

m If ith observation J; = k, then z; was drawn from the kth
component,

m Group observations by component and compute (71 x, £t ) with
K =1 maximum likelihood formulas.

EXPECTATION-MAXIMIZATION - [DEMPSTER ET AL., 1977]
Initialization: 0 = (Wt,k,ﬁt,k,zt,k)le = (ngvl/lgkvz(t),k);llev
Expectation: For k=1,...,Kandi=1,..., N,

y A Pesp(zi e, Ee k)
Wt,k: — ﬁ'k", ﬁ:k,':: ]P(J:k|6t,Zh) = 'A 'A — .
N ,; ’ I ’ Yy We k(25 fres e

Maximization:

N =~
Y i1 Ak izZi

$ YN Aki(zi— fep) (2 — fes) "
N th = ,
Yiq Ak

flek = N =~
Yt ki
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